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Answer four questions, taking one from each Unit

UNIT—I

1. (a) State whether the following statements

are true or false with brief justification

(any foun) (a, b, ¢, d denote positive
integers) : 2x4=10

(i If pis a prime and a* = b% (mod p),

then p|la-b.
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(b)
(c)
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(b)

fc)
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(2)

(i) If ais odd, then (@+3, a-3)=6.
i) 3a such that 5a” +22 is divisible
by 17.

() 1f |p-1 =-1(mod p), then p is a
prime.

() If a*|c°, then alc.
(vi) 1f b|a® +1, then bla®* +1.

(vii) The set of integers
:.L 29 43 8) 7y _2, _4, —8}

forms a reduced residue system

modulo 15.

State and prove Wilson’s theorem. 5

Find the last two digits in ordinary

decimal representation of 72°°. 3

Prove that n'? —a!? is divisible by9lifn

and a are prime to 91. 3

Show that 3, 6, 9, ..., 3m is a complete

residue system mod m, if 3xm. 3

If g is a prime factor of a? +b? and if

g =3 (mod 4), show that q|a and q|b. 4
{ Continued )
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(3)

If pis an odd prime, show that

12.32.5% .. (p-2?% = (- 5
w(p-2)7 =(-1) 2 (mod p)

4
Prove that 11[2%*2+5""? for every
positive integer n. 4
UNIT—II
Find all integers that give remainders
1, 2, 3 when divided by 4, 5 and 7
respectively. 5
Solve the congruence 15x =25 (mod 35). 4
Show that p(n) is multiplicative and
1if n=1
) “(d)z{ 0if n>1
dmn if n> "
If k is the number of distinct prime
factors of n (a positive integer), show
that
Y luid =2
dln 4
Give an example to show that if f(n) is
totally multiplicative, F(n) need not be
totally multiplicative, when
Fin)= 2 f@ 2
dln
{ Turn Quver )
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S. (a)
)
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(4)

What is the highest power of 6 dividing

5237 3
If @ were written out in the ordinary
decimal notation without factorial sign,
find the number of zeros that would be
at the right end. 3
For any two real numbers x and y, show
that

(xX]+ [y s [x+yl S[x] + [y +1 4
Prove that
dn)
H d=n"2
d|n 3
If @ and b are positive integers such that
(@ b)=1 and c is a real number such
that ac, bc are integers, prove that c is
an integer. Hence show that
n
c= L
la b
is anintegerif(gq hy=landa+b=n+1. 6
UNIT—III
Let aeR, a ring. Show that
{xe R:ax =0} is a subring of R. 4
Show that a finite integral domain is a
field. 5
( Continued )
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(5)

Let A be an ideal of a commutative ring
R #{0}. Show that R/A is an integral
domain if and only if A is a prime ideal.

Let J={a+by2:a be Q}. Show that J

is a commutative ring under addition
and multiplication of real numbers. Is it
a field? Justify.

If U and V are two ideals of R, show that
U+V={x+y:xeUand yeV)

is an ideal of R.

In a ring R, if x2 = x V¥ x€ R, show that

R is commutative.

Show that the units of the ring

Zll={a+ib:a be L}
are +1 and -1.
Let R be a commutative ring with unity

whose only ideals are (0) and R itself.
Show that R is a field.

In the ring of integers Z, find a positive
integer m s.t. 2Z+3Z =m7Z.

UNIT—IV

Define a ring homomorphism. Show
that the map ¢:Z, — Z,; defined by
$(x) =5x is a ring homomorphism.

(]

1+3=4

{ Turn Qver)
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(c)

(@)

8. (a)
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(6)

If :R—S is a ring homomorphism,

show that—

(1) ¢(A) is an ideal of S whenever A is
an ideal of R;

(i) ker ¢ is an ideal of R;

(ii) ¢~1(B)is an ideal of R for every ideal

B of S
(iv) R is commutative implies ¢(R) is
commutative. 2x4=8

Show that the only ring automorphism
of the set of rational numbers is the
identity map. 4

Show that the map ¢: R — Z defined by

1 b
—a
0 ¢
where

R=Hé i] ‘a b,ceZ}

is a ring homomorphism. 3

Show that
ZW-5]={a+bJ-5:a, be Z}

is an integral domain but not a unique
factorization domain. 5

( Continued )
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(e)

26D—1000/737

(7))

In a PID, show that an element is
irreducible if and only if it is prime. 4

In the integral domain 7Z[J/-3|, give an
example of an irreducible element which

is not a prime. 3
Give an example of a prime ideal which
is not maximal. 3

In a finite commutative ring, show that
every prime ideal is maximal. 4
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